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HHG: How to generate them fast?

* S-matrix expression for HHG dipole (one electron)

* Stationary phase method and factorization of the HHG
dipole (ionization, propagation, recombination)

* Stationary phase equations for HHG:
The Lewenstein model

* The classical 3-step photoelectron model: where it goes
wrong and how it can be improved

 HHG dipole for many electrons, including laser-induced
dynamics in the ionic core between ionization and
recombination
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HHG: the non-linear optics perspective

HHG is frequency up-conversion. It results from macroscopic response
of the medium:

0’E 1 9°E_ 47 9°P
0z° % ot° ¢c® ot?

The response is described by polarization P(t,z) induced in the medium:
*response of atoms/molecules

*response of free electrons

* guiding medium (e.g. hollow core fiber)

*etc

This lecture is about P(t) from individual atoms/molecules
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HHG: the non-linear optics perspective

This lecture is about P(t) from individual atoms/molecules

P(t) — nD(t) n- number density

D(t) = (¥(F,1)|d|¥(F,1))

QW (F )
ot

=H (t)'Y(r,t)

The key is to find the wavefunction
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The S-matrix expressions (one electron)

ot
The hard part
Exact: i P Easy part

v

i d 3 e ~
e_ItJ'H(T) TVL (tl)e iHq (t to)LIJg (r)

" t
P(r 1) =& (1) i f d
to
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The S-matrix expressions (one electron)

ot
The SFA: lNeglect the Coulomb potential
] t H 7)dr, HA(t'—
\IJ(f”t) — eiHo(t—to)\Ijg (r’) _iJ‘dt'e_ltj'HLAS( )d VL (t,)e_I Ho(t tO)‘*Pg (F)
\ J o Dy
Y Y
Bound part

Continuum part
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S-matrix expression for HHG dipole (one electron)

D(t) = (¥ (F,t)|d]¥(F,1))
~ ~ t . £ T T . ] L
D(t) = —i<\Ifg (7)ol ~) d_[dt'e"tj-HLAS( v t)e ¥, (F)> +CcC.
to
\ J\_ )
Y ~
Bound part Continuum part
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S-matrix expression for HHG dipole (one electron)

D(t) = (¥ (F,t)|d| ¥ (F,t))

D(t) z_i<\IJg (F) iH, (t—to) djd’[' _.IHLAs(T)d V (t ) _, Ho(t'-t,)

Y, (F)> +C.C.

(k] + A(t')><|2 + A(t')‘

Volkov functions, the length gauge:

it j[k+A(r)] dr

_[H d - -

|f Las (7)d7 k A(t )> K+ A(t)>
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S-matrix expression for HHG dipole (one electron)

oo t I
D(t) =i [ dk [ dt'd”(k+ At) Je s HIF (©)dlk + AE))+ cc.

recombination Ionization? -Not yet!

Phase (action)

t
S(t,t', k) =%j(f{+ Ar)fdr+1 (t-t)
"

Lewenstein et al, 1994
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S-matrix expression for HHG dipole (one electron)

>

ot |
D(t) = —i j dk j di'd’ (IZ + A(t))e“s(t’t"kl F (t')dllz + At I+ c.C.
to

—0o0

S (t,t' k) is large, the
integrand is a highly

| © oscillating function
Evaluate D(t)?

* Numerically - be careful to take care of highly oscillating integrands
* Analytically - use highly oscillating integrands to your advantage
-Analytic approach supplies:
* “time-energy mapping”, important for attosecond imaging
* approximate picture of HHG as a 3-step process involving
ionization, propagation, recombination
* extension beyond SFA and single electron!
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Stationary phase method

>
e-iS(x) b |
! —iAS(xX
WO TereeS0
X » X a
/ J \ s The integral is accumulated in points x*,
A where phase is stationary:
/ 1
Stationary phase S(x*)=0
region 1/7/S” Idea:
k)2
S(X) = S(¢) + S () (x— x¢) + S () KX
b oo —idS () EEX)
a — oo
Can be evaluated analytically
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(see Mathews, Walker,
Stationary phase method Mathematical Physics)

»

e-iS(x) b

X/W/ o f (e~ iAS(X)

A>>1
a

» X
/ J M The integral is accumulated in points x¥,

A where phase is stationary:
/ 1
Stationary phase S () =0
region 1/4/S” Idea:
k)2
S(X) = S(x*) + S (x*)(x— x*) + S (x) X =X)
b —iﬂS(X*)+i£sign(S”(x*))
fax f (e S = |27 1) +o(ite 4
AS" (x*)|
a
[dx f (2e I45(2)  For contour integrals in complex plane a
similar idea leads to the saddle point method
3 May 2011 =

TR -
Olga Smirnova MBI_TheorY}__L»_éy_/ ’ e




Saddle point method for HHG dipole

>
+oo t foo |
Harmonic spectrum: D(Nw) o< I dtj dt' j dk e 'Sttk) glNat
—o g oo
Phase=S(t,t',K)-N® must be stationary wrt t,t’ k
t_ .
S(t,t', k) = %j(k + A Fdr+1 (t-t)
tl
1) g—ts =0 lonization time t,
JS JS
2) 3k, =0 ok, 0 > Canonical momentum k,
S _ Recombination time t
3) g = Nw ./ r
If we know t,, t,, k, we know D(Nw) Lewenstein et al, 1994
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Results of saddle point integration

Now we need to find k,, t,, t,
0S 1
K+ At =0 s nizak
ot 2( ( )) 1onization
8 = j(k” + A(Z'))dZ' =0
k” t return
d0S
—=K tr _ti =0 k = O
akl 1 ( ) L
0S 1
at 2(k A(t )) = Nw recombination
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Complex ionization time

>
1) E (ks + At ))2 + | )= 0 Ionization time t, is complex t=t’+i t.”
* Imaginary time
ti” %+ Tunnel entrance t;=t,+t.”
E J
: t 1
t 5 Ne
- Real time Tunnel entrance  Tunnel exit
l:i
Tunnel exit 0
2, =i[ dr(k,+ At '+i7)) = Z,+iZ",
t"
The coordinate at the exit is complex
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Recombination time and canonical momentum

2) Return Displacement b(.etw.een. entering the
barrier (start of ionization) and
recombination should be zero

Imaginary displacement “under the
barrier” must be compensated: t, is

tr
| (kS + A(r))dr =0
L

complex
3) Energy conservation Energy conservation dictates
1 that electron velocity at the time
_(ks + A, ))2 +1,=Nw of recombination is real

Since recombination time t,is
complex, canonical momentum
k, is also complex

In general, k,, t, t; are all complex. Only the observable - the photon

energy No - is real



Quantum orbits (Salieres et al, 2000)

How to solve 3 saddle point equations? Total 6 unknowns: t/,t”", t/,t”, k. k.’

tr
S+ AP +1,=0 Tl ADNT=0 (4 AL)P+1, = No
ti

Total 6 equations: for real and imaginary parts.
Goal: Set N = Find t/t.”, t/t”, k. k.’

T’/ r 7

All 6 eqs. do not have analytical solutions.

Step 1: express everything via return time (imaginary and real), using 4 eqs.
Step 2: solve the remaining 2 equations together
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Solving the saddle point equations for Nw>Ip

>
F . :
Specify the field:  F(t) = F,cos(at) A(t) =——Sinat =-v,Sinat
@
. | , 2l pa)2 L
Dimensionless variables: k, = K's k, = Ks Vo= F2 22U
Yo Yo No—1,
(or:a)tr ¢i:a)ti }/[i:—p
2,
Step 1 a.
N
Real part k, =cosh¢" sing' +y,

%(ESJr At)f =Nw-1, &

Imaginary part k, =sinh¢", cos¢’,

For each N we have expressed k, and k, via@., ¢

S
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Solutions of the saddle point equations

>
Step 1 b.

N
1 5 Real part sing' cosh¢' =k,
E(ks-l_A(tl)) +Ip:O >

J  Imaginary part sinhg' cos¢'. =y +Kk,
¢’ =arcsin(y(P+D)/2) P=k +7°+1 7 =y+k,
¢", = arccosh(y/(P-D)/2) D =./P? - 4K/

4

For each N we have expressed k, and k; via @, ¢, and we have expressed ¢,", ¢,
via k;, k,

Hence ¢,", ¢.”” and k,, k, are all expressed via ¢.”, ¢.”

Now we can use the remaining equations to find ¢, , ¢,
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Solutions of the saddle point equations

tr
Step 2: Now use the last equation: [(k,+ A(7))dz =0
{

Real part F, = ki((p'r —¢' )_ kz((our —¢" )_ cosg’; cosh ' +cosh ", cosg' =0

Im part F,=k(¢" —¢" )+k,(¢', —¢" )+sing, sinhg" —sinhg'" sing' =0
[F(N @', 0" F +[F,(N, ¢, 0", )F =0

Set grid of ¢,” and ¢, and numerically find minimum of this surface
for each N

3 May 2011
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Solutions

Harmonic 11
Ip=15.6 eV

1=1.3 1074W/cm?2
0.8

n=1.5¢eV
0.6
0.4

0.2

0

-02 -015 -01 -005 O 0.05

Real time of return, units of laser cycle

Imaginary time of return, units of laser cycle
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Solutions

Real time of return, units of laser cycle
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Solutions

Real time of return, units of laser cycle
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Solutions

Real time of return, units of laser cycle
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Solutions

Real time of return, units of laser cycle
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Solutions

Real time of return, units of laser cycle

3 May 2011

Harmonic 21

0.8

0.6

0.4

0.2

0

-02 -015 -01 -005 O 0.05

Imaginary time of return, units of laser cycle

Olga Smirnova

1,=15.6 eV

1=1.3 1074W/cm?2

n=1.5¢eV




Solutions

Real time of return, units of laser cycle
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Solutions

Real time of return, units of laser cycle
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Solutions

Real time of return, units of laser cycle
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Solutions

Real time of return, units of laser cycle
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Solutions

Real time of return, units of laser cycle
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Energy of return

Short and long trajectories: two different saddle point solutions for the
same Energy of return (Harmonic number)

Saddle point method breaks down near the cut-otf: 2 saddle points merge (S,,””=0)

3 May 2011
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Energy of return, in harmonic numbers
I
o

o
o

Cut-off

short long
trajectories

_________________________________________________________

Below threshold
harmonics i

02 04 06 08
Real time of return, units of laser cycle
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Imaginary time of return

Imaginary& real time of return define integration contour in complex
plane: only along this contour the energy of return is real.

o
o Y
L

. Cut-oft |
0.05¢ >

-0.1¢

-0.15F Below | i Difficult part is
threshold ! Short | Long

0 02 04 06 08 1
Real time of return. units of laser cvcle

here: divergence

Imag time of return, units of laser cycle

>i¥ V.
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Imaginary time of return

>

Imaginary& real time of return define integration contour in complex
plane: only along this contour the energy of return is real.

g 0.15

2

o a

s 0.1 . Cut-off )

© e i

5 0.05f | el -

B . i

= o

-

5-0.05}

L

c -0.1}

& i

E 015/ Below Short . _ Would be nice

o threshold | o I "8 to have it like so

E%% 02 04 06 08 1

Real time of return. units of laser cvcle
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Treating the cut-off region

Stepl:
Find t, =t, (and t=t,;,, k.=k_,), such thatS,” (t,,t,,,k,,) =0, i.e. dE _,/dt=0
(Pick the cut-off (real) return time for t)

Step2:
Expand the action S(t,t,k,) around t, ( the uniform approximation )

S(t 1:IO’ IO) S(tO’t|0’ |0)+S(t0’t|0’k| )(t t0)+Sttt(t0’t|0’k| )(t tO)

Step3: oo %
—iS(t,t g ,Keg) miNect
The resulting integral for dipole: D ( NCU) o j dte” (Lo O)GI + C.C.

can be calculated analytically using Airy function:

f cos(at® + xt) = #Ai [i 5 :)1,3}
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Treating the cut-off region

»

Introduce the cut-off harmonic number N,and “the distance from cut-off” AN=N- N,:
S(ty)) = Eq(t,)+] » = Ny (N, does not have to be integer )

The dipole near cut-off is expressed via Airy function:

D(Nw) o< jdte‘is‘t’tm’kso)e‘“'“‘+c.c.:j COS(%§3+ANC()§)d§

—00

D(Nw) 27T A AN AN<O0 before cut-off: Ai~cos[-(AN®)3/2(8/9y)/?]
Ly/ 2}'/3 ( x/ 2)” ° (oscillations are due to interference of short and long’

y= S (t.) AN>0 after cut-off: Ai~exp[-(ANw)3>/2(8/9y)'/?]

—  “he\to

_ : (exponential decrease of HH spectrum after cut-off)
x=EVt)Ro FE(t)zFo

F(t,)=0
3 May 2011
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Ionization times: sub-cycle dynamics of ionization

>
Bel
ther;);ﬁol d Short Long
Tonization window
0.25¢ ! !
Feee. ; ¥ ~250asec
S ! ! . .
0.2} e ; ' :
Imaginary ! e !
ionization time Yenld)
0.15} ! 5

v

o
—

I 0 !
é é time
0.05¢ Real ! !

ionizatiion time
| 670asec

lonization time time, units of laser cycle

0

0 02 04 06 08 1
Real time of return, units of laser cycle

Imaginary ionization time defines ionization probability:
short trajectories are suppressed
Real ionization time defines “duration of ionization window”
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Canonical momenta

—
M

—
T

Real time of return, units of laser cycle

Long .

n

5 a m

& : [

= a e

= 0.8 E € 08|

£ ; =

= i £

5 0.6 ; 2 06

E : 5

g a £ 0.4f

= 0.4 : g

-§ i 2 021 Below
c 0.2 i £ ol threshold
L] : o

3 0 : £ 0.2

® -0 0.2 0.4 0.6 0.8 1 0 0.2

04 06 08

Real time of return, units of the laser cycle

Long trajectories: imaginary canonical momentum is very small
Short trajectories: substantial imaginary canonical momentum

Photoelectrons:

3 May 2011
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Classical 3—step model: Photoelectron Perspective

Define “classical ionization time” - “time of birth”, when electron velocity is zero.

V(ty)=k+A (t5)=0 %(A(ti)—A(tB))2+lp=O V(t)=A(t)-A(ty)=-i Y

k=-A(tp) Different from “quantum ionization
times”, since k is forced to be real.

0.2y . o 4 Imaginary time
Imaginary ionization time
144
0.15 _ t. 3¢ Tunnel entrance t=t/+t,”
=

t

| Real ionizatio

lonization time, units of laser cycle
o
—

time v=0
0.051 | Real time
V4
0 | | | | | t; tg
0 0.05 0.1 0.15 0.2 0.25 Tunnel exit
Time of hirth. units of laser cvcle
3 May 2011
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Classical 3—steP model: Photoelectron Perspective

t
Define classical return time: IR( A7) - A('[B))dZ' -0

lg

Electron returns to the point (coordinate), where it had zero velocity

N tg>t;", v(t)=0
| v(t)=k+A(t/)<0

The electron is not born with v=0.

Classical return energy: E=(A(tg)-A(tg))?/2

3 May 2011

Olga Smirnova




Classical energy of return

Classical cut-off corresponds to lower energies:
electron does not return to the core

I
o

Cut-off: 3.17 Up+1.32 Ip

()
o

Cut-off: 3.17 Up+ Ip

short long
trajectories

—
o

____________________________________________________

Below threshold
harmonics i

02 04 06 08 1
Real time of return, units of laser cycle

Energy of return, in harmonic numbers
I
o

o
o

Can we improve these results? Let’s let the photo-electrons return to the core.
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Photoelectrons vs Lewenstein model

Energy at closest approach: not all electrons can return exactly to the core
since we limited k=-A(t;)

.
(]

Lewenstein model

30
Improved 3 -step model (k<1) +
Bhelo";’l . i relaxed return condition:
threshold: *Neglect Imag Az =0
n/a

e Minimize Real Az

—
o

Short Long

Energy of return, in harmonic numbers
|
o

o
(]

0.2 0.4 0.6 0.8 1
Real time of return, units of laser cycle

The strict requirement of perfect return is an artefact of neglecting the size of the
- ground state. Relaxing this requirement seems quite reasonable!



Photoelectrons: return coordinate

Not all electrons can return exactly to the core since we limited k=-A(ty)

2 . .
Return is
not
L ‘possible |
N (with k<1)f;
<] -2 ' Exact
'c_'c return on
&) real axis

03 04 05 06 07 08 09
Real time of return, units of laser cycle

MBI-Theory ':
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Photoelectrons: saddle Point region

Real k should be within the saddle point region of the exact complex

saddle point. This region is ~ | S”kk |

12

I|AZ |

10} (tr-ti) 172

Inside the stationary
phase region

—y
“
b
*‘- -1
‘.

-12 :i 5 0
Rea t1me of retur

Az | <(t-t) V>

3 May 2011
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Ak [ <] 8”4 | /2
Ak | <|t-t; |2

|Ak | =AZ/ (tr-ti)
Az | <(t-t;) V2

|Ak | - difference between the

exact k, and photolelctron k
|Az | - distance of the closest
approach to the core
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Photoelectrons vs Lewenstein model

Ionization time

,0.25 ! ,

g, Below . Short " Lon .

— 02 threshold: :. i

o Y N :

E n/a A ;

Yy— i b ._._""'- - _,'!

o ! M|

$0.15 ; A

s i i ,

3‘ 01 ~100as \ - Imaginary

£ N . ionization

EO . Real time

5 . Ionization V™

& | i time _ —
0 0.2 0.4 0.6 0.8 1

Real time of return, units of laser cycle

Lewenstein model

Photoelectrons, k is not
restricted (k can be >1)

Improved 3 -step model +
relaxed return condition

Long trajectories: good agreement due to small imaginary displacement
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Factorization of the dipole

Dipole = product of 3 amplitudes: ionization, propagation, recombination

D(NCU) = a'rec (ks’ tR) aprop (ks’ tR’ti ) a1'on (ks’ 1:i )

This factorization is rigorous within the photo-electron picture, i.e.

if the imaginary part of the canonical momentum is negligible

The next step is to take each amplitude separately and improve it
beyond the SFA and the simple model of an ion without internal
states.

3 May 2011 ———
nd MBI-Theory § 4}y &
AL ALY :

Olga Smirnova




Results of saddle point integration

»

Dipole = product of 3 amplitudes: ionization, propagation, recombination
D(NC()) = a‘rec(ks’ tR) aprop (ks’ tR’ti ) a'ion (ks’ | )

The amplitudes are (within saddle point): 1. Ionization

R
_'—I(ks*‘A(T) dz—il ,
A (k1) =k, + A e f
A Im t|me

, Re time
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Results of saddle point integration

»

Dipole = product of 3 amplitudes: ionization, propagation, recombination
D(NC()) = a‘rec(ks’ tR) aprop (ks’ tR’ti ) a'ion (ks’ | )

The amplitudes are (within saddle point):

Propagation: wavepacket spreading and phase accumulation

iz j(k +A(r)f dz=il  (tg—t') [ 3
Drop(k tth)~e i ~
[t —t

3 May 2011

Olga Smirnova




Results of saddle point integration

»

Dipole = product of 3 amplitudes: ionization, propagation, recombination
D(NCI)) = a‘rec(ks’tR) aprop (ks’ 1:R’tli ) a1'on (ks’ 1:i )
The amplitudes are (within saddle point):

Recombination: proportional to the recombination dipole

Jz

arec(ks;tR) - d * (ks T A(tR)) "

RtR
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Ionization amplitude

aion(ks;t) :d[ks+A(ti )]e"zt{( +A(r) “dr- il L

This expression came from applying the saddle point approximation to

a(k_,t) = —i j ot eSO R (1)d(k, + At))

This integral has been extenswely studied by Keldysh, PPT (Popov,
Perelomov, Teren’tev), and others. The SFA result can be
significantly improved!
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Ionization amplitude

The recipe for atoms: (PPT, Keldysh, Yudin-Ivanov, Becker-Faisal,

Popruzhenko-Bauer) Sub-cycle rates

aion(ks’ti) = I:ﬁm(l p? Fie—SFAexponent(kS,ti)

-Calculate exponential dependence with SFA

- Add Coulomb correction R;,, to account for the core.

- The Coulomb correction depends on 1, m

- With reasonable accuracy and for linearly polarized or low-
frequency fields the Coulomb correction can be taken from static
tunneling

The recipe for molecules: Take the Coulomb correction from static

tunneling rates (MO-ADK (Tongé&Lin), recently Murray & Ivanov)
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The Multi-Channel Case

Exact ‘continuum’ part: electron+ion

¥ (t) =i j dt'e 'JH(”"TV () Ty
1= Z jdk‘k+A(t)> n)(n|(k + Act)

Polarized  Continuum
Core states States

=A% | dkf e e ke, e

o)
)

Dyson orbital: ‘PS oc <n‘\}lg> <k(t )’V (t')e” iHo(t'-t )|
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The Multi-Channel Case

Exact ‘continuum’ part: electron+ion

_.JH(r)dV (t)e" ot to)
1= Z jdk‘k+A(t)> ><n\<*

Polarized  Continuum
Core states States

k() m(K(E) M (e ™

¥ (t)——ujdt

Y ()= Tdﬁjdt'e-ij-““)df vy
N —w

Neglect e-e correlation after ionization: the continuum electron moves in a self-
consistent field of the core

3 May 2011
Olga Smirnova




The Multi-Channel Case

>
Exact ‘continuum’ part: electron+ion
o P (r)d Ho (t—to)
- . — 7)ar | ™ et 1 —i -
W) =—i) [dk[dre’s Y kit )>\ n><k(t )y\/L (t)e ™ wp)
n —oc0 to

Neglect e-e correlation after ionization: the continuum electron moves in a self-
consistent field of the core

_Hd _i[H;(z)d S N __iHo(t'-t

¥ (1) —-.Z jdkjdt' e ))e i@ (KM (t)e"™ | ws)
continuum ion

Evolution in the continuum - like before
Evolution in the ion - start in |n> att’, end in | m> at t, amplitude a__(t,t")
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The Multi-Channel Case

Y=Y j dk j e 1 O% ))e i1 e (KN, @)e"™ ) wg)
continuum ion
Ion |n>
A

< p ionization

S

Ion |m> recombination
A I QQ
' y
t M
U/
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The harmonic dipole in the multi-channel case

The harmonic dipole is a sum over all ionic states att,  and t

D(NCU) = Z a'recm(ks1tR) aprop,mn (ks;tRiti ) aion,n(ks;ti)

The key change is in the propagation amplitude — it includes transitions between
the initial (n) and the final (m) states of the ionic core:

t

—i% F (K+A2) F dr-it o (t—t') / 7’

Bropm (Ksi i 1) ~ Bogrenm (ot )€ [te—t,]%2
R i

Recombination -the electron recombines with the ion in the state m:

o (Koit) ~dm*<ks+A<tR»%
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Example of core dynamics in the multi-channel case

Populations of ionic states

— B 25+
og X7 f |

\ A °T1, 3.5eV
0.6/ 1.3eV

X 25+, Tt 1
0.4 1
H Ip~15.6 eV
0.2+ t
I =+
00 0.25 015 0.?5 1

Time, laser cycle

Initial condition: population of the polarized ground state of N,* upon
ionization, I=1014W /cm?
Find dipole couplings between the states A,B,X.

Solve 3-level system numerically
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